On the structure of finite-sheeted coverings of compact connected groups by Grigorian, S. A. & Gumerov, R. N.
ar
X
iv
:m
at
h/
04
03
32
9v
1 
 [m
ath
.G
N]
  2
0 M
ar 
20
04
ON THE STRUCTURE OF FINITE-SHEETED
COVERINGS OF COMPACT CONNECTED GROUPS
S. A. Grigorian and R. N. Gumerov
Abstract. Finite-sheeted covering mappings onto compact connected groups are
studied. It is shown that a finite-sheeted covering mapping p : X → G from
a connected Hausdorff topological space X onto a compact connected abelian group
G must be a homeomorphism provided that the character group of G admits division
by degree of p. Using this result, we obtain criteria of triviality for finite-sheeted
covering mappings onto G in terms of its character group and means on G. In order
to establish these facts we show that for a k-sheeted covering mapping p from X
onto a compact connected (in general, non-abelian) group there exists a topological
group structure on the space X such that p becomes a homomorphism of groups. In
proving this result we construct an inverse system of k-sheeted covering mappings
onto Lie groups which approximates the covering mapping p.
Introduction
This paper deals with finite-sheeted covering mappings onto compact connected
groups. Particular attention is paid to covering mappings onto abelian groups.
The motivation for our work comes partly from the theory of polynomials and
algebraic equations with functional coefficients. Initially we were interested in pro-
perties of separable polynomials over the Banach algebra C(G) of all continuous
complex-valued functions on a compact connected abelian group G. A polynomial
r(w) = wk + f1w
k−1 + f2w
k−2 + · · · + fk of degree k in the variable w with
coefficients f1, f2, . . . , fk from C(G) is said to be separable provided that for each
element g ∈ G the polynomial wk+f1(g)wk−1+f2(g)wk−2+· · ·+fk(g) with com-
plex coefficients has no multiple roots in the field of complex numbers. A separable
polynomial r(w) of degree k over the algebra C(G) is said to be totally reducible if
it may be factored into a product (w−h1) · (w−h2) · . . . · (w−hk) of polynomials of
degree one, where h1, h2, . . . , hk ∈ C(G). Totally reducible polynomials over func-
tion algebras and related problems concerning algebraic equations with functional
coefficients have been studied by E. A. Gorin, V. Ya. Lin, Yu. V. Zyuzin and others
(see, e.g., [1] – [3]). In particular, an immediate consequence of results obtained
by E. A. Gorin and V. Ya. Lin (see [1; Corollaries 1.10 – 1.12]) is the following: if
the character group Ĝ is k!-divisible then each separable polynomial of degree
k over the algebra C(G) is totally reducible. One can easily see that the con-
verse assertion is also true. It should be noted that the result formulated above
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can be interpreted as a generalization of the Walter – Bohr – Flanders theorem
concerning algebraic equations with almost periodic coefficients. ( See comments in
[1; Introduction and §1] ).
As is well known, a separable polynomial r(w) = wk+f1w
k−1+f2w
k−2+· · ·+fk
over C(G) generates the k-sheeted covering mapping p : X → G : (g, z) 7→ g,
where the compact space X is defined as follows:
X := {(g, z) ∈ G× C : zk + f1(g)z
k−1 + · · ·+ fk(g) = 0},
and the polynomial r(w) is totally reducible if and only if the covering mapping
p is trivial.
In the present paper it is shown that each k-sheeted covering mapping onto G is
trivial provided that the character group Ĝ is k!-divisible. Thus we have a criterion
for triviality of all k-sheeted covering mappings onto a compact connected abelian
group ( Theorem 3 ).
In studying covering mappings from topological spaces onto topological groups
it is natural to regard the problem on the existence of a topological group structure
on a covering space relative to which a given covering mapping becomes a homo-
morphism of groups. It follows from classical properties of lifting mappings to
covering spaces that if a covering space is connected and locally path connected,
then this problem has a positive solution, i.e., the desired structure exists ( see,
e.g., [4; Theorem 79] ). In that case we say that the structure of topological group
lifts to a covering space, and results of that kind are called the covering group
theorems. In this paper we prove the covering group theorem for a finite-sheeted
covering mapping from a connected Hausdorff topological space onto a compact
connected ( in general, non-abelian ) group (Theorem 1 ). Note that we do not
suppose that the group is locally connected. In order to prove Theorem 1 we first
construct a family of k-sheeted covering mappings onto Lie groups which approxi-
mates a given k-sheeted covering mapping ( see §2, Proposition ). Being an object
of interest in its own right, Theorem 1 serves as a tool for studying the structure
of covering mappings onto topological groups ( see §4 ).
There are a number of papers treating of covering spaces in which the hypothesis
of local connectedness is dropped ( see, e.g., references in [5; Chapter V]). In 1972,
R. Fox, using ideas and methods of shape theory, extended results of the classical
covering space theory to overlay mappings of arbitrary connected metric spaces
[6], [7]. Note that each overlay mapping is a covering mapping, and the converse
implication holds in some important cases. Namely, it holds if a base space of
a covering mapping is locally connected or a covering mapping is finite-sheeted
[7; Theorem 3], [8; Propositions 2.1, 2.2]. In [9], [10] and [11] Fox’s results are
generalized to connected topological spaces.
The paper is organized as follows. It is divided into 4 sections. Section 1 con-
tains preliminaries. In Section 2 the account of the approximate construction is
given. Section 3 is devoted to the proof of the covering group theorem. In the last
section we apply this theorem to the study of finite-sheeted covering mappings onto
compact connected abelian groups and to the problem on the existence of means
on topological abelian groups.
The authors are very grateful to Professor S. A. Bogatyi for useful discussions
about the theorems in this paper and for advices and remarks which improved
the first version of the presentation of the results. We would like to thank Professors
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A. Ya. Helemskii, A. S. Mishchenko and the members of the Alexandrov seminar
and the seminars ” Algebras in Analysis ” and ” Topology and Analysis ” at
Moscow State University for attention to our work and for useful discussions. We
are very grateful to Professor E. A. Gorin for valuable comments.
The results of the present paper were announced in [12] and [13].
1. Preliminaries
In this section we establish some notation and recall some definitions and facts
that will be needed later on.
Throughout this paper all topological spaces are assumed to be Hausdorff.
A neighborhood is always an open subset of a topological space. A mapping be-
tween topological spaces and a homomorphism between topological groups mean
a continuous function and a continuous homomorphism, respectively.
As usual, we denote by N the set of all positive integers, by C the space of all
complex numbers (equipped with the natural topology), and by Cm the Cartesian
product of m copies of C, where m ∈ N. The set {1, 2, . . . ,m} is denoted by m.
Let X,Y1, Y2, . . . Yn be topological spaces. The diagonal of mappings
fj : X → Yj , where j ∈ n, is defined as follows:
f1△f2△ . . .△fn : X → Y1 × Y2 × . . .× Yn : x 7→ (f1(x), f2(x), . . . , fn(x)),
where x ∈ X and Y1×Y2×. . .×Yn is the Cartesian product of spaces Y1, Y2, . . . , Yn.
We shall now recall the notions of inverse system and inverse limit in categories
of topological spaces and of topological groups. For more complete treatments
of these notions consult, e.g., [14; Chapter VIII, §3], [15; §2.5] and [16; Chapter
3]. We denote by COMP the category of compact spaces and mappings, and by
CGR the category of compact groups and homomorphisms. Let C be one of these
categories and let (Λ,≺) be a directed set. Suppose we are given an object Xλ
from C for each λ ∈ Λ and a morphism piµλ : Xµ → Xλ from C for any λ, µ ∈ Λ
satisfying λ ≺ µ. Moreover, let piλλ : Xλ → Xλ be the identity morphism for each
λ ∈ Λ and piνλ = pi
µ
λ◦pi
ν
µ for all λ, µ, ν ∈ Λ such that λ ≺ µ ≺ ν. The collection
{Xλ, pi
µ
λ ,Λ} is called an inverse system in the category C over the index set Λ.
The morphisms piµλ are called the bonding morphisms of {Xλ, pi
µ
λ ,Λ}. An inverse
limit (X, {piλ}) of the inverse system {Xλ, pi
µ
λ ,Λ} consists of an object X from C
and a family {piλ : X → Xλ | λ ∈ Λ} of morphisms from C having the following
universal property:
1) piλ = pi
µ
λ◦piµ whenever λ ≺ µ;
2) if τλ : Y → Xλ, λ ∈ Λ, are morphisms from C such that τλ = pi
µ
λ◦τµ
whenever λ ≺ µ, then there exists a unique morphism ρ : Y → X from C
satisfying τλ = piλ◦ρ for each λ ∈ Λ.
The inverse limit (X, {piλ}) of the inverse system {Xλ, pi
µ
λ ,Λ} is denoted by
(X, {piλ}) = lim←−{Xλ, pi
µ
λ ,Λ}. One often calls X itself an inverse system. The mor-
phisms piλ are called the projections. In the category C an inverse limit
lim←−{Xλ, pi
µ
λ ,Λ} exists. Namely, the object X∞ from C consisting of all threads
of the inverse system {Xλ, pi
µ
λ ,Λ} and the family of the canonical projections of
X∞ to Xλ constitute the inverse limit. If there are two inverse limits of the same
inverse system in some category, then they are isomorphic: the morphisms from
the universal properties for these inverse limits are isomorphisms [16; Corollary
3.2].
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A morphism of inverse systems {Xλ, pi
µ
λ ,Λ} and {Yλ, σ
µ
λ ,Λ} in C is a family
{τλ : Xλ → Yλ | λ ∈ Λ} of morphisms from C such that τλ ◦ pi
µ
λ = σ
µ
λ ◦ τµ whenever
λ ≺ µ. It induces a morphism τ∞ : X∞ → Y∞ in C given by τ∞({xλ}λ∈Λ) =
{τλ(xλ)}λ∈Λ, where {xλ}λ∈Λ ∈ X∞. The morphism τ∞ is called the limit morphism
induced by {τλ : λ ∈ Λ}. We say that a morphism τ : X → Y from C is up
to isomorphism the limit morphism induced by the morphism of inverse systems
{τλ : λ ∈ Λ} provided that there are isomorphisms ρ : X → X∞ and σ : Y → Y∞
from C such that τ∞ ◦ ρ = σ ◦ τ .
Recall that a surjective mapping p : X → Y between topological spaces X
and Y is called a finite-sheeted covering mapping if it is a k-sheeted ( k-fold )
covering mapping for some k ∈ N. That is, for every point y ∈ Y , there exists
a neighborhood W in Y and a partition of the inverse image p−1(W ) into neigh-
borhoods V1, V2, . . . , Vk in X such that, for each n ∈ k, the restriction of p to Vn is
a homeomorphism of Vn onto W . The integer k is called a degree of the mapping
p. The neighborhood W is said to be evenly covered by p, and the collection
{Vn : n ∈ k} is called a partition of p−1(W ) into slices. ( As usual, a partition of
an arbitrary set A is a collection of disjoint subsets of A whose union is all of A.)
A k-sheeted covering mapping p : X → Y is said to be trivial if there exists
a homeomorphism ρ from the Cartesian product Y × k, where k is equipped
with the discrete topology, to X such that p◦ρ(y, n) = y for any (y, n) ∈ Y ×k.
Suppose we are given a k-fold covering mapping p : X → Y from a non-
connected space X onto a connected space Y , where k ≥ 2. It is a well-known
fact that for any component X0 of the space X the restriction p|X0 : X0 → Y
of the mapping p to the subspace X0 is a finite-sheeted covering mapping whose
degree is less than k.
Throughout the paper G stands for a compact connected group, and p : X → G
is a k-fold covering mapping, where X is a topological space. Note that the space
X is necessarily compact.
Let us consider an inverse system {Gλ, pi
µ
λ ,Λ } in CGR such that (G, {piλ}) =
lim←−{Gλ, pi
µ
λ ,Λ}, where all Gλ are connected Lie groups, and all bonding homomor-
phisms and projections are open and surjective. Moreover, if G is abelian, then
each Gλ is assumed to be abelian as well (see [17; §25]).
A family of all sets pi−1λ (U), where U is a neighborhood in Gλ and λ runs over
a subset cofinal in Λ, is a basis for a topology on G [15; Proposition 2.5.5]. For ν ∈ Λ
we denote by Λν the set {λ ∈ Λ : ν ≺ λ }. Then (G, {piλ}λ∈Λν ) = lim←−{Gλ, pi
µ
λ ,Λν }
[14; Chapter VIII, §3].
Using compactness of the group G and the above-mentioned description of a ba-
sis for the topology on G, one can easily see that there is a finite open cover
{Wn : n ∈ m } of G (i.e., a finite family of neighborhoods in G whose union is
the whole group G) satisfying the following conditions. Every neighborhood Wn is
an evenly covered by the covering mapping p, and there exists an index α ∈ Λ and
a finite open cover {Wαn : n ∈ m } of Gα such that Wn = pi
−1
α (W
α
n ) for each n ∈ m.
From now on we fix α ∈ Λ and the indexed family W1,W2, . . . ,Wm. In addition,
for each set p−1(Wn) we fix its indexed partition into slices V
n
1 , V
n
2 , . . . , V
n
k . Thus
for each n ∈ m we have the disjoint union
p−1(Wn) =
k⊔
l=1
V nl (1)
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such that for each l ∈ k the neighborhood V nl is mapped homeomorphically onto
the neighborhood Wn under p.
2. Approximation of covering mapping
In the present section we shall construct a family of k-sheeted covering map-
pings onto Gλ’s which approximates the covering mapping p : X → G. Roughly
speaking, it turns out that in an appropriate category of arrows the covering map-
ping p : X → G is an inverse limit of an inverse system consisting of k-sheeted
covering mappings onto Gλ’s.
Throughout this section we ”forget” about group structures of objects, so that
G, Gλ and pi
µ
λ , piλ are considered as objects and morphisms of the category COMP ,
i.e., as only compact spaces and mappings respectively. ( In other words, we apply
the forgetful functor from CGR to COMP ).
We need first to define functions and neighborhoods which together with those
we have introduced in the preceding section will play the crucial role in our con-
struction.
It is clear that one can ”shrink” the cover {Wn : n ∈ m } to a finite open cover
{Un : n ∈ m } of the space G such that
Un = pi
−1
α (U
α
n ) and Un ⊂Wn for each n ∈ m, (2)
where {Uαn : n ∈ m } is a finite open cover of the space Gα which refines the cover
{Wαn : n ∈ m } and satisfies the condition U
α
n ⊂W
α
n for each n.
Let {φn : n ∈ m } be a partition of unity on the space Gα dominated by the cover
{Uαn : n ∈ m }, that is, an indexed family of mappings
φn : Gα → [0, 1] for n ∈ m
having the following properties:
— the support of φn, i.e., the closure of the set φ
−1
n ((0, 1]), is contained in
the neighborhood Uαn for each n;
— the equality
∑m
n=1 φn(g) = 1 holds for each g ∈ Gα.
For every n ∈ m we consider the compositions of mappings defined as follows:
ψn := φn ◦ piα : G→ [0, 1] and ψ̂n := φn ◦ piα◦p : X → [0, 1].
It is straightforward to check that the families of mappings {ψn : n ∈ m } and
{ ψ̂n : n ∈ m } are the partitions of unity on G and on X dominated by the covers
{Un : n ∈ m } and { p−1(Un) : n ∈ m }, respectively.
We next define functions fn : X → C and f̂n : X → C for each n ∈ m by
setting
fn(x) :=


0, if x /∈ p−1(Wn) =
k⊔
l=1
V nl ;
exp(i
2pi
k
(l − 1)), if x ∈ V nl , l ∈ k; (i
2 = −1);
(3)
f̂n(x) := ψ̂n(x)fn(x) for x ∈ X.
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In view of (2), the functions f̂1, f̂2, . . . , f̂m are continuous at each point of X.
We claim that the diagonal of mappings
p△f̂1△f̂2△· · ·△f̂m : X → G× C
m
is a homeomorphic embedding, i.e., the space X is mapped homeomorphically onto
the image space p△f̂1△f̂2△· · ·△f̂m(X) ⊂ G×Cm under the diagonal of the map-
pings p, f̂1, . . . , f̂m. To prove this it suffices to show that p△f̂1△f̂2△· · ·△f̂m is
injective (because it is continuous and the space X is compact), or, equivalently,
that the family of mappings {p, f̂1, f̂2, . . . , f̂m} separates points. For this purpose
we take two distinct points x, y ∈ X . If p(x) = p(y), then ψ̂n(x) = ψ̂n(y) for each
n ∈ m. Since the functions ψ̂n form a partition of unity on X , we have
m∑
n=1
ψ̂n(x) = 1,
which implies ψ̂n(x) > 0 for some n. Hence the points x and y belong to the set
p−1(Un) ⊂ p−1(Wn). But these points lie in different slices of p−1(Wn), so that
fn(x) 6= fn(y). Therefore, we have f̂n(x) 6= f̂n(y) as well. Thus the diagonal of
mappings p△f̂1△f̂2△· · ·△f̂m is an injection. Consequently, it is a homeomorphic
embedding, as claimed.
Now for each index λ ∈ Λα let us define a compact space Xλ by letting
Xλ :=
{ (
piλ(p(x)), f̂1(x), f̂2(x), · · · , f̂m(x)
)
: x ∈ X
}
⊂ Gλ × C
m,
i.e., Xλ is the image of the space X under the following diagonal of mappings
(piλ◦p)△f̂1△f̂2△· · ·△f̂m : X → Gλ × C
m.
We denote by hλ : X → Xλ the surjective mapping given by
hλ(x) = (piλ◦p)△f̂1△f̂2△· · ·△f̂m(x) for x ∈ X,
and by pλ the projection of Xλ onto the first coordinate, that is,
pλ : Xλ → Gλ : (piλ(p(x)), f̂1(x), f̂2(x), · · · , f̂m(x)) 7→ piλ(p(x)), x ∈ X.
Obviously, for each index λ ∈ Λα, the following diagram
X
p
−−−−→ G
hλ
y ypiλ
Xλ
pλ−−−−→ Gλ
(4)
is commutative, i.e., piλ ◦ p = pλ ◦ hλ. In particular, as an immediate consequence
of this fact, the composition pλ ◦ hλ and the mapping pλ are open.
Let us fix an index λ ∈ Λα. For an arbitrary g ∈ Gλ, commutativity of the dia-
gram (4) yields the equality
h−1λ (p
−1
λ (g)) = (piλ ◦ p)
−1(g),
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which implies
p−1λ (g) = {(g, f̂1(x), f̂2(x), . . . , f̂m(x)) : x ∈ (piλ ◦ p)
−1(g)}. (5)
Furthermore, for each n ∈ m, we have:
ψ̂n(x) = φn ◦ pi
λ
α(g) whenever x ∈ (piλ◦p)
−1(g).
In other words, the mapping ψ̂k(x) is constant on the fiber (piλ◦p)−1(g). Therefore
we can rewrite (5) as follows:
p−1λ (g) = {(g, φ1(pi
λ
α(g))f1(x), . . . , φm(pi
λ
α(g))fm(x)) : x ∈ (piλ◦p)
−1(g)}. (6)
But, for each n ∈ m, the cardinal number of the set {fn(x) : x ∈ (piλ◦p)−1(g)}
is finite. Namely, it is at most k+ 1 ( see(3) ). Using this fact and the equality (6),
we conclude that the set p−1λ (g) is finite. Generally speaking, the cardinal number
of the fiber p−1λ (g) depends on g. So we can not assert that the mapping pλ is
a finite-sheeted covering.
Nevertheless, it turns out that the following lemma is valid.
Lemma. There exists an index β ∈ Λα such that the mapping pλ : Xλ → Gλ is
a k − fold covering mapping for each λ ∈ Λβ.
Proof. The proof consists of three steps. The first step is to construct a finite open
cover {Os : s ∈ t }, t ∈ N, of the spaceG which refines the cover {Wn : n ∈ m } and
satisfies some additional requirements. We choose β ∈ Λα during this construction.
Then we use the cover {Os : s ∈ t } to show that the mappings pλ, λ ∈ Λβ , are
k-fold covering mappings.
Step 1. We prove the following: There exists a finite open cover {Os : s ∈ t }
of the space G which has the following properties:
O1) For each s ∈ t we have Os = pi
−1
β (O
β
s ), where β ∈ Λα, and the family
{Oβs : s ∈ t } is an open cover of the space Gβ ;
O2) For each s ∈ t there exists a partition of the set of positive integers m:
m = { a1, a2, . . . , ar } ⊔ { b1, b2, . . . , bm−r }, (7)
such that
Os ⊂
r⋂
j=1
Waj and Os
⋂
(
m−r⋃
j=1
U bj ) = ∅.
Furthermore, all mappings ψ̂bj vanish on the set p
−1(Os), i.e., ψ̂bj (x) = 0 when-
ever x ∈ p−1(Os) and j ∈ m− r, and the image sets fa1△fa2△· · ·△far(p
−1(g))
consist of the same k elements while g runs over Os.
(To simplify the notation, we make use of the symbols aj , bj and r instead of
asj , bsj and rs respectively. Of course, if r = m, then the set { bj : j ∈ m− r } is
assumed to be the empty set ∅ ).
Taking an arbitrary element g ∈ G, we consider the partition
{Wn : n ∈ m } = {Waj : j ∈ r }
⊔
{Wbj : j ∈ m− r },
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which is uniquely determined by the following requirements:
g ∈
r⋂
j=1
Waj and g /∈
m−r⋃
j=1
Wbj .
In other words, we have the partition (7) of the set of positive integers m.
It follows immediately from (2) that
g /∈
m−r⋃
j=1
U bj . (8)
Let x be an element of the set p−1(g). For each integer aj from (7), there
is a unique slice in the partition (1) of p−1(Waj ) into slices which contains x.
A subscript of that slice is denoted by lj . Thus the condition x ∈ V
aj
lj
is fulfilled.
We next define a neighborhood O(x) of the point x by setting
O(x) :=
r⋂
j=1
V
aj
lj
.
In view of (3), for each j ∈ r, we have:
faj (y) = exp(i
2pi
k
(lj − 1)) whenever y ∈ O(x).
In a similar way, assuming that p−1(g) = { x1, x2, . . . , xk }, we define disjoint
neighborhoods O(x1), O(x2), . . . , O(xk) of the points x1, x2, · · · , xk respec-
tively. It is clear that for each l ∈ k the restriction of the diagonal of mappings
fa1△fa2△· · ·△far to the neighborhood O(xl) is constant.
Using (8), we choose a neighborhood O(g) of the point g such that
O(g) ⊂
k⋂
l=1
p(O(xl)) and O(g)
⋂
(
m−r⋃
j=1
U bj ) = ∅.
Obviously, we may assume without loss of generality that O(g) = pi−1λ (U), where
λ ∈ Λα, and U is a nonempty neighborhood in Gλ.
One can easily see that all functions ψ̂b1 , ψ̂b2 , . . . , ψ̂bm−r vanish on the set
p−1(O(g)) ( provided that the set { b1, b2, . . . , bm−r } is nonempty ), and the image
set fa1△fa2△· · ·△far(p
−1(O(g))) consists of k points. Moreover, for any g′ ∈ O(g)
with p−1(g′) = {y1, y2, . . . , yk} the following equality holds:
fa1△fa2△· · ·△far(p
−1(O(g))) = { fa1△fa2△· · ·△far(yl) : l ∈ k }.
Since the space G is compact, there exists a finite open cover
{
O(gs) = pi
−1
λs
(Uλss ) : gs ∈ G,U
λs
s is a neighborhood in Gλs , λs ∈ Λα, s ∈ t
}
of G satisfying the condition O2). The neighborhood O(gs) is denoted by Os.
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Now we choose an index β ∈ Λα such that λs ≺ β for all s ∈ t. It is clear that
Os = pi
−1
β (O
β
s ), where O
β
s = (pi
β
λs
)−1(Uλss ), s ∈ t.
Since the mapping piβ is surjective, the family {Oβs : s ∈ t } is an open cover of
Gβ . Thus the cover {Os : s ∈ t } also has the property O1), as desired.
Step 2. Now we show that the open mapping pβ : Xβ → Gβ is a k-fold covering
mapping. Clearly, to prove this fact it is enough to show that the mapping pβ is
k-to-1, i.e., the fiber p−1β (g) consists of k points for each g ∈ Gβ .
Choose any g ∈ Gβ . For the set p
−1
β (g) we have the equalities (5) and (6) (with
λ = β).
Since the family {Oβs : s ∈ t } constructed in Step 1 is a cover of the space Gβ ,
there is an index s such that pi−1β (g) ⊂ Os.We fix such s and consider the partition
(7) corresponding to this index.
If the set { bj : j ∈ nm−r } is nonempty, then (see the property O2) in Step 1)
for each bj we have:
f̂bj (x) = ψ̂bj (x)fbj (x) = 0 whenever x ∈ (piβ◦p)
−1(g).
Hence the sets
p−1β (g) and
{
f̂a1△f̂a2△· · ·△f̂ar(x) : x ∈ (piβ◦p)
−1(g)
}
have the same cardinality.
Now we fix a point x0 ∈ (piβ◦p)
−1(g). As was noted, for each integer aj from
the partition (7) corresponding to s, we have:
ψ̂aj (x) = ψ̂aj (x0) whenever x ∈ (piβ◦p)
−1(g).
Therefore, it suffices to show that the set
{
(ψ̂a1(x0)fa1(x), ψ̂a2(x0)fa2(x), . . . , ψ̂ar (x0)far (x)) : x ∈ (piβ◦p)
−1(g)
}
(9)
consists of k points.
The family { ψ̂n : n ∈ m } is the partition of unity on the space X , and the map-
pings ψ̂b1 , ψ̂b2 , . . . , ψ̂bm−r vanish on the set (piβ◦p)
−1(g), whence
r∑
j=1
ψ̂aj (x0) = 1,
which implies the inequality ψ̂aj (x0) > 0 for at least one aj .
Using the last observation together with the property O2) from Step 1 and
the fact that each function faj separates points of every fiber p
−1(g′), where g′ ∈
pi−1β (g), one can easily see that the set (9) consists of k points. Thus the same is
valid for the set p−1β (g).
Step 3. To show that all mappings pλ : Xλ → Gλ, where λ ∈ Λβ , are k-fold
covering mappings we first fix an index λ ∈ Λβ.
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Then we define the family {Oλs : s ∈ t } of neighborhoods by letting
Oλs := (pi
λ
β)
−1(Oβs ),
where {Oβs : s ∈ t } is the open cover of the space Gβ from O1). Obviously,
the family {Oλs : s ∈ t } is an open cover of the space Gλ. In addition, the equality
piβ = pi
λ
β ◦ piλ implies Os = pi
−1
λ (O
λ
s ) for each s ∈ t.
Applying Step 2 to the mapping pλ : Xλ → Gλ one obtains the desired conclu-
sion. This completes the proof of the lemma. 
Now for any λ, µ ∈ Λβ satisfying λ ≺ µ, we define the mapping h
µ
λ : Xµ → Xλ
by the rule
hµλ(hµ(x)) = hλ(x), for x ∈ X.
Clearly, this mapping is well-defined.
One checks at once that the collection {Xλ, h
µ
λ,Λβ } is an inverse system in
the category COMP, and { pλ : λ ∈ Λβ } is a morphism of the inverse systems
{Xλ, h
µ
λ,Λβ } and {Gλ, pi
µ
λ ,Λβ }. Thus each diagram
Xλ
h
µ
λ←−−−− Xµ
pλ
y ypµ
Gλ
pi
µ
λ←−−−− Gµ,
(10)
is commutative.
Let us consider the limit morphism p∞ : X∞ → G∞ induced by {pλ : λ ∈ Λβ}.
Denote by σ : G → G∞ the homeomorphism from the universal property for G∞
and by ρ : X → X∞ the mapping from the universal property for X∞. It is clear
that σ(g) = {piλ(g)}λ∈Λβ , where g ∈ G, and ρ(x) = {hλ(x)}λ∈Λβ , where x ∈ X .
Commutativity of the diagram (4) yields commutativity of the following diagram:
X
ρ
−−−−→ X∞
p
y yp∞
G
σ
−−−−→ G∞
(11)
Moreover, it is easy to check that ρ is a homeomorphism. For the sake of com-
pleteness, we show this below.
Let x, y ∈ X and ρ(x) = ρ(y). Then f̂j(x) = f̂j(y) for each j ∈ m and piλ(p(x)) =
piλ(p(y)) for each λ ∈ Λβ. Since the family of projections {piλ;λ ∈ Λβ} separates
points of the space G, we obtain the equality p(x) = p(y). Therefore
p△f̂1△f̂2△ . . .△f̂m(x) = p△f̂1△f̂2△ . . .△f̂m(y).
But the diagonal p△f̂1△f̂2△ . . .△f̂m is injective, so that x = y and ρ is injective
as well.
Now we prove that ρ : X → X∞ is surjective. For fixed x = {xλ}λ∈Λβ ∈ X∞,
where xλ ∈ Xλ for each λ ∈ Λβ, we show that x = ρ(y) for some point y ∈ p
−1(g),
where g is the unique point of the space G such that σ(g) = p∞(x).
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For each λ ∈ Λβ we choose a point zλ ∈ X such that xλ = hλ(zλ). We have
the equality hβ(zβ) = h
λ
β(hλ(zλ)) which implies that
hλ(zλ) = (piλ(p(zλ)), f̂1(zβ), f̂2(zβ), . . . , f̂m(zβ)). (12)
Thus the last m coordinates of all hλ(zλ) are the same.
Let p−1(g) = {y1, y2, . . . , yk}. One can readily verify that
(piβ◦p)(yn) = (piβ◦p)(zβ) for each yn ∈ p
−1(g), n ∈ m. (13)
This implies that zβ, y1, y2, . . . , yk ∈ p−1(Os) for some neighborhood Os from
the cover {O1, O2, . . . , Ot} of the space G constructed in the proof of Lemma ( see
Step 1 ). We fix such Os and consider the partition (7) of the set m corresponding
to this neighborhood. By the property O2), there is a unique point yl in the set
p−1(g) satisfying the equality
fa1△fa2△ . . .△far(yl) = fa1△fa2△ . . .△far(zβ). (14)
We claim that ρ(yl) = x.
Making use of the equalities (12), (13) and the property O2), we obtain:
f̂aj (yl) = f̂aj (zβ) for j ∈ r
and, provided that the set {bj : j ∈ m− r} is nonempty,
f̂bj (yl) = f̂bj (zβ) = 0 for j ∈ m− r.
As an immediate consequence of the above observations, we get:
f̂1△f̂2△ . . .△f̂m(yl) = f̂1△f̂2△ . . .△f̂m(zβ). (15)
One can easily see that
piλ◦p(yl) = piλ◦p(zλ) for each λ ∈ Λβ. (16)
Finally, combining (12),(15) and (14), we get ρ(yl) = x, as claimed.
Thus ρ is a bijection, so that, being continuous and defined on a compact space,
it is a homeomorphism.
We summarize the results of this section in the following proposition.
Proposition. The covering mapping p : X → G is up to isomorphism the limit
morphism induced by the morpism
{pλ : λ ∈ Λβ} : {Xλ, h
µ
λ,Λβ} −→ {Gλ, pi
µ
λ ,Λβ}
of inverse systems in the category COMP, where pλ is a k-fold covering mapping
for each λ ∈ Λβ.
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3. Covering group theorem
In this section we shall show that the structure of topological group on G lifts
to the covering space X . We begin by recalling the covering group theorem for
groups which are connected and locally path connected ( see, e.g., [4, Theorem 79],
[5, Chapter V, Exercises 5.2, 5.4] ).
Theorem. Let ω : Γ˜→ Γ be a covering mapping from a path connected space Γ˜
onto a connected locally path connected topological group Γ with identity e. Then
for any point e˜ ∈ ω−1(e) there exists a unique structure of topological group on Γ˜
such that e˜ is the identity and ω : Γ˜→ Γ is a homomorphism of topological groups.
Furthermore, if Γ is abelian, then ω is a homomorphism of abelian groups.
Note that the covering mapping ω : Γ˜ → Γ is not assumed to be finite-sheeted,
and the topological group Γ is not assumed to be compact in the hypothesis of
Theorem.
Using Proposition from the previous section and this Theorem, we have:
Theorem 1. Let p : X → G be a finite-sheeted covering mapping from a connected
space X onto a compact topological group G with identity e. Then for any point
e˜ ∈ p−1(e) there exists a unique structure of topological group on X such that e˜ is
the identity and p : X → G is a homomorphism of compact groups. Furthermore,
if G is abelian, then p is a homomorphism of abelian groups.
Proof. Let { pλ : λ ∈ Λβ } be the morphism of inverse systems in the category
COMP constructed in the previous section. We now turn it into a morphism of
inverse systems in the category CGR.
Choose a point e˜ ∈ p−1(e) . Let e˜λ := hλ(e˜) for each index λ ∈ Λβ . It follows
from commutativity of the diagram (4) that e˜λ ∈ p
−1
λ (eλ), where eλ is the identity
of the group Gλ.
Applying Theorem to the covering mappings pλ : Xλ → Gλ, λ ∈ Λβ, we endow
each space Xλ with the structure of topological group such that e˜λ is the identity
and the k-fold covering mapping pλ is a homomorphism of groups.
We need to show that all mappings hµλ : Xµ → Xλ become homomorphisms of
groups. For this purpose, we fix a mapping hµλ and consider the diagram
Xλypλ
Xµ ×Xµ
F
−−−−→ Gλ
where the mapping F is defined by setting F (x, y) = pλ◦h
µ
λ(xy). Denote by F1
and F2 the mappings from the Cartesian product Xµ × Xµ to the space Xλ
given by
F1(x, y) = h
µ
λ(xy) and F2(x, y) = h
µ
λ(x)h
µ
λ(y), x, y ∈ Xµ.
Both these mappings are liftings of the mapping F to Xλ. That is, making use of
F1 or F2, the above diagram can be completed to a commutative one: pλ ◦F1 = F
and pλ ◦F2 = F . Indeed, since the diagram (10) is commutative and the mappings
pλ, pµ and pi
µ
λ are homomorphisms of groups, we have:
pλ◦h
µ
λ(xy) = pλ(h
µ
λ(x)h
µ
λ(y)) for any x, y ∈ Xµ.
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In addition, F1(e˜µ, e˜µ) = F2(e˜µ, e˜µ), where e˜µ is the identity of the group Xµ.
Because the space Xµ ×Xµ is connected, it follows from the uniqueness property
for liftings to covering spaces [18; Chapter 2, §2, Theorem 2] that F1 = F2. This
means that hµλ : Xµ → Xλ is a homomorphism of groups.
Thus the family
{ pλ : λ ∈ Λβ } : {Xλ, h
µ
λ,Λβ } → {Gλ, pi
µ
λ ,Λβ }
becomes a morphism of inverse systems in the category CGR. Therefore
p∞ : X∞ → G∞ is a homomorphism of compact groups. If the group G is
abelian, then each k-fold covering mapping pλ : Xλ → Gλ is a homomorphism
between abelian groups, so that p∞ : X∞ → G∞ is a homomorphism of abelian
groups as well.
Finally, it remains to note that now in the diagram (11) the mappings σ and p∞
are homomorphisms of compact groups. Using this diagram, one can easily equip
the space X with the desired structure of the topological group whose identity is
the point e˜. The uniqueness of such structure follows from the uniqueness property
for liftings to covering spaces. 
Note that Theorem 1 was proved in [19] for a finite-sheeted covering mapping
onto a solenoidal group by a different method.
The following examples show that, in general, the covering group theorem fails
for a finite-sheeted covering mapping with a non-connected covering space. As
usual, in all examples the symbol S1 stands for the unit circle.
Example 1. LetXk = S
1×{k}, where k = 1, 2. Denote by pk : Xk → S
1 the k-fold
covering mapping sending (z, k) to zk, z ∈ S1. Consider the combination p1▽p2 of
the mappings p1 and p2 which is defined as follows:
p1▽p2 : X1⊕X2 → S
1 : x 7→ pk(x) if x ∈ Xk.
Here, and in what follows, the symbol ⊕ stands for the sum of topological spaces.
We denote the space X1⊕X2 and the mapping p1▽p2 by Y and p respectively.
Clearly, the mapping p : Y → S1 is the three-fold covering mapping.
We claim that the structure of topological group on S1 does not lift to the cov-
ering space Y . To obtain a contradiction, we suppose that there exists a structure
of topological group on Y turning p into a homomorphism of groups. Let us
assume that the identity of the group Y belongs to X2. One can easily see that
for each y ∈ X1 the equality X1 = yX2 holds. This implies that the restrictions
p|X1 = p1 and p|X2 = p2 have the same degree. The case when the identity of Y
lies in X1 is similar. This contradiction proves our claim.
Using the covering mapping p : Y → S1 from Example 1, we shall construct a
finite-sheeted covering mapping onto a non-connected compact group.
Example 2. For j = 0, 1 we let Yj = Y × {j}. Denote by q0 and q1 the mappings
defined by the formulae:
qj : Yj → S
1 × {j} : (y, j) 7→ (p(y), j), y ∈ Y, j = 0, 1.
The sum q0⊕q1 : Y0
⊕
Y1 → S1 × Z2 of the mappings q0 and q1 which is given by
q0⊕q1(y) = qj(y) if y ∈ Yj , j = 0, 1,
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is the required covering mapping. Here Z2 = {0, 1} is the group of order two
equipped with the discrete topology, and S1 ×Z2 is the direct product of groups.
Remark. We refer the reader to [20] and [21] for conditions for the lifting of topo-
logical group structure on a non-connected topological group to a covering space.
Theorem 1 suggests the following question.
Question 1. Can one take the group G to be locally compact in Theorem 1?
In connection with the above theorems the following interesting conjecture was
stated by Professor S. A. Bogatyi.
Conjecture. The covering group theorem holds for an overlay mapping from a con-
nected space onto a topological group.
4. Covering mappings onto abelian groups
In this section G is a compact connected abelian group, and Ĝ is its
additive character group. We refer to the appropriate sections of [4] and [22]
for the fundamental facts about the character group and Pontryagin duality. If
pi : H1 → H2 is a homomorphism between two compact abelian topological groups,
then pi : Ĥ2 → Ĥ1 denotes the dual homomorphism between the character groups,
i.e, pi(χ) = χ ◦ pi for χ ∈ Ĥ2.
For given k ∈ N one has the homomorphism
τk : Ĝ→ Ĝ : χ 7→ kχ.
If τk is surjective, then the group Ĝ is said to be k-divisible, or we say that
the group Ĝ admits division by k. Note that if Ĝ is k-divisible, then the homo-
morphism τk is an automorphism since Ĝ is a torsion free abelian group ( [22;
Theorem 24.25] ). Necessary and sufficient conditions for Ĝ to be k-divisible are
given in [23]. In particular, it is shown [23; Theorem 1.1] that the character group
Ĝ is k-divisible if and only if the group G admits a k-mean. There is a large
literature concerning the problem on the existence of means on topological spaces
(see, e.g., [23] – [28] where additional references are contained). Recall that, for
k ∈ N, a k-mean on G is a mapping µ : G×G× . . .×G→ G from the Cartesian
product of k copies of G such that µ(g1, g2, . . . , gk) = µ(gpi(1), gpi(2), . . . , gpi(k))
for any permutation pi of the set k and µ(g, g, . . . , g) = g for all g ∈ G.
As a corollary of Theorem 1, we obtain the following theorem concerning finite-
sheeted covering mappings onto abelian groups.
Theorem 2. Let p : X → G be a finite-sheeted covering mapping from a con-
nected topological space X onto a compact connected abelian group G such that
the character group Ĝ admits division by the degree of p. Then p is a homeo-
morphism.
Proof. According to Theorem 1, we can consider the mapping p as a homomor-
phism between compact connected abelian groups. Let e and e˜ be identities of
the groups G and X respectively. Denote by τ : X → X/p−1(e) the canoni-
cal homomorphism onto the factor group X/p−1(e) and by σ : X/p−1(e) → G
the isomorphism of topological groups such that p = σ ◦ τ .
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We claim that τ is an isomorphism of topological groups. In order to prove
this assertion we shall show that p−1(e) = {e˜}.
To obtain a contradiction we suppose that p−1(e) 6= {e˜}. Obviously, in this case,
there exists a character χ ∈ X̂ such that the restriction of χ to the subgroup
p−1(e) is not the identity character.
Denote by k the degree of p. Since p−1(e) is a finite group of order k,
the restriction of the character kχ to p−1(e) is the identity character. As
a consequence [22, Theorem 23.25], there is a character θ ∈ ̂X/p−1(e) such that
τ̂ (θ) = kχ.
The group ̂X/p−1(e) is k-divisible. Hence there is a character η ∈ ̂X/p−1(e)
satisfying the equality
kη = θ,
which implies that
kτ̂ (η) = kχ.
But X̂ is a torsion free group [22, Theorem 24.25], so that
τ̂ (η) = χ.
It follows that the restriction of χ to the subgroup p−1(e) is the identity
character. This contradiction yields the desired equality p−1(e) = {e˜}.
Thus τ and p are isomorphisms of topological groups, as required. 
As immediate consequences of Theorem 2 and Theorem 1.1 from [23] we have
the following statements.
Corollary 1. Let k ≥ 2. If the character group Ĝ is k-divisible, then there exists
no a k-fold covering mapping from a connected topological space onto G.
Corollary 2. Let k ≥ 2. If there is a k-fold covering mapping from a connected
topological space onto G, then G does not admit a k-mean.
Example 3. Let P = ( p1, p2, . . . ) be a sequence of prime numbers (1 not being
included as a prime) and let ΣP be the P -adic solenoid, that is, the inverse limit
of the inverse sequence (= the inverse system over N)
S1
pi2
1←−−−− S1
pi3
2←−−−− S1
pi4
3←−−−− · · · ,
where the bonding mappings are given by pin+1n (z) = z
pn for all z ∈ S1 and n ∈ N.
As is well known, the P -adic solenoid is a compact connected abelian group.
The character group of ΣP is isomorphic to the discrete additive group of all
rationals of the form m
p1p2...pn
, where n ∈ N and m is an integer [22; (25.3)].
Assume that k is a positive integer such that each its prime divisor is equal to
infinitely many terms of the sequence P . By number-theoretic considerations one
can easily see that the group Σ̂P is k-divisible. According to Theorem 1, the P -adic
solenoid ΣP does not admit k-fold covering mapping from a connected topological
space onto itself.
16 S. A. GRIGORIAN AND R. N. GUMEROV
If for each prime number p ∈ N we have p = pn for infinitely many indices n,
then the group Σ̂P is k-divisible for any k ∈ N. In this case the P -adic solenoid
ΣP admits only trivial finite-sheeted covering mappings from topological spaces
onto itself.
Remark. One can construct ( see [6, Example 2], [8, Proposition 2.2] ) an example
of solenoid ΣP which does not admit a k-mean and such that there is no a k-fold
covering mapping from a connected space onto ΣP .
Using Theorem 2, we obtain the following criterion of triviality of finite-sheeted
covering mappings onto compact connected abelian groups.
Theorem 3. All finite-sheeted covering mappings of degree k ∈ N onto a compact
connected abelian group G are trivial if and only if the character group Ĝ is
k!-divisible.
Proof. As was mentioned in Introduction, we need only to prove the sufficiency.
Suppose that the group Ĝ is k!-divisible. Let p : Y → G be a k-fold covering
mapping, where Y is a non-connected topological space. Choose a component
Y0 of the space Y and consider a finite-sheeted covering mapping p|Y0 : Y0 → G,
i.e., the restriction of p to Y0. Obviously, the group Ĝ admits division by degree
of the covering mapping p|Y0 . Applying Theorem 2 to p|Y0 , we conclude that
the mapping p|Y0 is a homeomorphism. Now one can easily show that p is
a trivial k-fold covering mapping. 
Remark. As an application of Theorem 1, it can be shown [29] that each finite-
sheeted covering mapping from (in general, non-connected) topological space onto
G is equivalent to a covering mapping which is generated by a separable polynomial
over the Banach algebra C(G). This fact together with the result by E. A. Gorin
and V. Ya. Lin mentioned in Introduction yields another proof of Theorem 3.
In connection with Theorem 3, an interesting question is the following.
Question 2. Is it true that all k-fold covering mappings onto a compact connected
topological space X are trivial provided that the first Cˇech cohomology group of
X with integer coefficients H1(X,Z) is k!-divisible?
Finally, combining Theorem 3 with Theorem 1.1 from [23], we have:
Theorem 4. All finite-sheeted covering mappings of degree k ∈ N onto a compact
connected abelian group G are trivial if and only if G admits a k!-mean.
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